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ABSTRACT Deformation quantization (the Moyal deformation) of SDYM 
equation for the algebra of the area preserving diffcomorphisms of a 2-surfacc 
r^ , £2, sdiff(E2), is studied. Deformed equation we call the master equation (ME) 

f^i ■ as it can be reduced to many integrable nonlinear equations in mathematical 

physics. Two sets of concerved charges for ME are found. Then the linear 
systems for ME (the Lax pairs) associated with the conserved charges are given. 
C^ \ We obtain the dressing operators and the infinite algebra of hidden symmetries 

of ME. Twistor construction is also done. 

1 Introduction 

In 1994 V.Husain Q was able to reduce the Ashtekar- Jacobson-Smolin equations 
rS \ describing the metric of self-dual complex vacuum spacetimes (the heavenly 

Jj3 ■ spacetimes) to one equation for one holomorphic function 0o = Qo(x,y,p,q) 

dl&a + d*e o + {d x &a,d y Q o } v = (1.1) 

where {-,-}v stands for the Poisson bracket 



Eq. (1.1) is called the Husain-Park heavenly equation (H-P equation) as it has 



been also found by Q.H.Park H from another point of view. Namely, in Park's 
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approach Eq. ( |l.l| ) is the principal chiral model equation for the algebra of the 
area preserving diffeomorphisms of a 2-surface £2, sdiff(X2), and it is obtained 
by a symmetry reduction of sdiff(£2) SDYM equation 

d x d x B + d y dyG + {d x @ , d v e }v = (1.3) 

where now O = 9 (x, y, 2, y,p, q ). 

A natural generalization of Eq. (L3) can be done when the Poisson bracket is 



changed by the Moyal one. Thus one arrives at the following equation [|3|, |4j 

d x d x @ + dydyQ + {d x @,dy@} M = (1.4) 

6 = @(h;x,y,x,y,p,q) 
where {■, -}m denotes the Moyal bracket 

{f,g}M ■= jkU *9-9* f) = ]\sin(J±v)g\ HeR 



dX l L..dX i n dX3i...dXin 



= /exp(fp) ff , %i,...j u ... = l,2; 
(X\X 2 ) = (q,p), (««)=( _° x J) (1.5) 

The real parameter h is a deformation parameter. 

Eq. ( |l.4| ) we call the master equation (ME). By a symmetry reduction, using also 
some representations of the Moyal bracket Lie algebra one can reduce ME to the 
known heavenly equations, to su(N) SDYM equations or su(N) principal chiral 
model equations and to many integrable nonlinear equations of mathematical 
physics J5|. We should point out that &(h; x, y, x, y,p, q) being a solution of ME 
is considered to be the formal series with respect to h, 

oo 

0= J^ & n h n , N < oo , n = 0„(x, y,x,y,p, q) (1.6) 

n=-N 

In our recent paper B some evidence for the integrability of ME has been pro- 
vided. It has been shown that ME admits infinite number of nonlocal conser- 
vation laws and linear systems (Lax pairs) for ME have been found. Moreover, 
a twistor construction has been also done. 

The aim of the present work is to consider in some details and develope 
the results of B. First, in Section 2, we find infinite number of new nonlocal 
conservation laws such that the conserved "charges" define hidden symmetries 
of ME. In Section 3 new linear systems for ME are obtained and the dressing 
operators leading to solutions of these systems are found. The dressing operators 
appear to be the solutions of the linear systems presented in . In Section 4 the 
infinite Lie algebra of the hidden symmetries of ME is given. Finally, Section 5 
is devoted to a twistor construction for ME. 



2 Conservation laws and hidden symmetries. 



Let t/ ' = r}(°'(h;x,y,X,y,p,q) be some function. Define 



? -(i) ._ 2?~77(°) jW — T)-rj(°) 

Jx ■— u x>) i Jy ■— Lsy'l 



V x := <9 £ - -rd y Q* , P g := d y + —d x @* 
in in 



where 



and O = Q(h;x,y,x,y,p,q) is a solution of ME ( |l.4| ). We have 

a x jP + d v jW = (9 X © £ + a^z> fi ),,c°) = (v x d x + Vydy)^ 

= fli, W 0) + ^t/°) + ^(^0 * dy-n^ - d y Q * 9 x r/°)) 



(2.1) 
(2.2) 



(2.3) 



Consequently d x j x + d y j y — iff rj^ satisfies the following linear equation 
d x d x n {0) + Oydy^ + ^(8 X Q * dy-qW - d y Q * d x r,^) = (2.4) 



Given a function t/°) satisfying Eq.(2.4), there exists a function -q^ 1 ' = rf l '(h] x,y,x,y,p, q) 
such that 



d xV W = Vy^ 

From (§]| with (|J) one gets 

(V^+Vydy)^ = {V X Vy - VyV X ) V ^ 

= J}r( d A® + d y d y® + R e = d y e} M ) * v <® by = E 



(2.5) 



(2.6) 



Therefore, as 8 is a solution of ME 77 W satisfies the same equation (2^) as r/°) 
does. This enables us to define the current j^ 



7 -(2) ._ J, _(i) 

Jx - — u x>] 

A 1 ) 



h 

A 1 ) 



< 2 > - 2V? W 



(2.7) 



which satisfies the equation 5 x ji + d y j y = 0. Hence there exists a function 
?/ 2 ) such that 



d xV {2) = -DyV (1) 

-dy^ = V xV ^ 



(2.8) 



Continuing this procedure we arrive at the series of functions (conserved charges) 
rf ' , tj^ 2 ' : ... and currents J^ ,j , ■■■ , defined by the recursion equations 



J x n+1) = -d yV {n+1) = V x n 



(n) 



ji n+1) = cW" +1 > = V^ , n = 0,l,.. 



(2.9) 



It is evident that as O satisfies ME and 77 '°) satisfies (2.4) all rf n ' satisfy the 
linear equation 

d.cW™) + d y dy V ^ + ±r(d x Q * dy^ - d y e * cW n) ) = o (2.10) 

Thus we obtain infinite number of conservation laws 

dxji n) + d yJy n) = , ,i = l,2,... (2.11) 

and the conserved charges 

/x px^ n ' *ar ' 

dx^V y dx (n - 1] Vy... dx^VyrfV , n = 1 , 2, . . . (2. 12) 

In particular, an interesting case is when one puts 

r/ 0) = 1. (2.13) 

Then (taking appropriate boundary conditions) we get from (|2 . 5|) with ( 2.13J) 



?7 (1) = — (2.14) 

in 



Observe that Eq. ( 2.10 ) for 7/ 1 ) given by ( [2.14 ) is exactly ME. [The case of 



ry(°) — l has been analyzed in our previous work jn| and in fact the considerations 
of § closely follow E.Brezin et al §, M.K.Prasad et al §, L.L.Chau et al § 
and L.L.Chau (l(J where nonlocal conservation laws for some 2-dimensional 
nonlinear field theories and for SDYM equations have been found.] 

Now we are going to look for another collection of conserved charges. Here 
we follow V.Husain jjj and M.Dunajski and L.J.Mason JllJ who obtained infinite 
number of conservation laws for some heavenly equations in four dimensionsJj 

Assume that a^ = a^(h;x,y,x,y,p,q) is any solution of the linearized 
master equation (LME) 

d x d i0 -^ +d y d y a^ +{d x O,d y a^} M - {d y Q,d x a^} M =0 (2.15) 

Define 

J«:=£ £ a( ) , J«:=/>(°) (2.16) 

where 

Cx ■= d x - {d y Q,-} M , C y :=d y + {d x <d,-} M - (2.17) 

Then 

d x J^ + d y J^ = {d x C x + d y £ y )aW = (c x d x + Cyd y )a^ = 

d x d s gW + dydygW + Re, d y a {0) } M - {d y e,d x <j^} M by ( = 15) o. (2. is) 

* We are indebted to Maciej Dunajski for pointing out to us the method how to obtain 
new conservation laws. 



Hence, there exists a function a^ such that 

d x a^ = d,a<® , -d v a^ = da^. (2.19) 

From ( |2.19 ) we get 

(C x d x + Cyd y )aW = (C x C y - CyC^a^ 

= { d x d s e + dydyG + {d x e, d y e} M , ^ } M hy = E o. (2.20) 

It means that a^ satisfies LME. Analogously as before we arrive at the series 
of conserved charges a^\ cr^ 2 \ ... and currents J*- 1 -*, J*- 2 -*, ... which are defined by 
the following recursion equations 

4 n+1 > = -cV ( " +1) = £ £ <7<"> 

j( n +V = cW n+1) = Cy(7 {n) , n = 0,l,... (2.21) 



From the assumption that O is a solution of ME and a^ satisfies LME ( 2.15 ) 
it follows that all a^h satisfy LME 

d x d x a (n) +dydya^ + {d x e,d y a( n) }M-{dye,d x <T (n) } M =0 , n = 0,l,- 

(2.22) 
This means that o~( n > , n — 0, 1, ... are the hidden symmetries of ME. 
Equation ( [2.21 ) defines the recursion operator R by 



a (n+i) =Ra {n) ( 223 ) 

(Compare with PI ). 
For example taking 

<t<°> = £ (2.24) 



we find 



^ (1) - -y + / (1) (M,y,P,<?), 

..etc (2.25) 



If one puts 
then 



a w = y (2.26) 



<J {1) = x + fWfcx,y,p,q), 



a 



(2) = 



a; %/ (1) - y^/W + {6, fV>} M + f^(fi; x, y,p, q), 



..etc (2.27) 



3 Linear systems for ME and dressing opera- 
tors. 



We d eal h ere with conserved charges T)^ ',^ 1 ', ...,etc, denned by (2.13), (2.14) 



and ( [2.12 ). For this especial choice we put instead of T)^- \t)^\ .~r^\ ... the 
symbols ip(°\ ^ 1 \ ■ •■, ip( n \ ■■■ so we have 



w = i , v (i) = 4© 

in 

^ = / dX {n) Vy f dX^^Vy... J dX {l) Vy\ (3.1) 



Define 

oo 

tf(A) := 1 + J2 A n V> (n) , AeC-{oo} (3.2) 

71=1 

One can easily check that \I/(A) satisfies the following linear system of differential 
equations 

-fyfl?(A) = XV X ^(X) , AeC-{oo} (3.3) 

and, in fact, this system is a Lax pair for ME. Emploing the results of |12 , 13, 14j] 
one can show that \&(A) has the form of 

i °° 
*(A) = exp,{-^A n AW}, A« = 6 (3.4) 

n=l 
n-1 „ 

d x AW = dyA( n -V + J2Y E {^ kl) ,-,{^ k '\d x Q} M ...} M 

1 = 1 ' k 1 +... + k l =n-l 

fel,...,fel>l 

n-1 „ 

fl„A<»> = -cM^" 1 ) + J2 ^ £ {A( fc O ) ... j { A C*«) J ^e} At ...} A4l n>l 

fel,...,fci>l 



where B/ are the Bernoulli numbers, —rzi = Sz=o-^7P ^ e f° rmma (3-4) 
proves that if 9 is analytic in h then all A(™)s are also analytic in Ti [Q. Then 
*-!(A) defined by 

^(A) * *(A) = *(A) * ^(A) = 1 (3.5) 

has the following form 

1 °° 
^ 1 (A)=cxpJ--^A"A(")} (3.6) 

71=1 



and it fulfills the following system 



d x ^\x) = \(dy^ 1 (x)--^ 1 (\)*d x e) 



ih 
1 

ih 



-d y ^\X) = X(d x ^\X) + -^;i(A) * 9,6) , XeC - {00} (3.7) 



Analogously, denning 



cr(X) :=j^A B o-W , AeC-{oo} 



(3.8) 



n=l 



where a^ n ', n — 0, f,... are the conserved charges introduced in the previous 



section (see (2.21)) one arrives at the system 



d x a(X) = 
-d v <r(X) = 

which is also a Lax pair for ME. 
Let F be a function such that 



A £y<j(X) 

XC x cr(X) , AeC-{oo} 



<t(X) = t>(X)*F*f- 1 (X) 



(3.9) 



(3.10) 



It is evident that suc h a fu nctio n F alwa ys exists and is uniquely defined by 
er(A). Moreover, from (3.3), (3.7) and (3.E) one quickly finds that F must be of 
the form 

F = F{h;y + Xx,x~Xy,X,p,q) (3.11) 

It means that F is a twistor function, as the equations 

y + Xx =: w l = const , x — Xy =: w 2 = const , X =: w 3 = const (3.12) 

define a totally null anti-self-dual 2-surface in C (the twistor surface). This 
twistor surface is the integral manifold for the following anti-self-dual 2-form m 



(dy + Xdx) A {dot — Xdy) 

—dx Ady + X(dx A dx + dy A dy) — X 2 dx A dy 



(3.13) 



The formula ( B-IOQ says that ^S(X) is the dressing operator for the linear system 
(f3~9J). For example, taking 

F:=x-\(y + fW(h;p,q)) (3.14) 

one recovers the solution given by ( 2.24 ), ( 2.25| ) with /W = /( 1 )(fi,;p j q)- taking 

F:=y + X(x + f^(h;p,q)) (3.15) 



7 



we arrive at ( j2.26| ), d2.27| ). (Compare with |]|.) 

Analogously as in our previous work B consider the linear system 



1 

V 
.1. 



T a x $( T ) = T>y$(-) 



-cy&(-) = P £ $(_) , AeC-{0} 



1 



1 1 

$( ) = $(0) + ^( )"$ 



(n) 



n=l 



(3.16) 



This is also a linear system for ME. One quickly finds that 

d x e = ih *<°>* ^[sl^]- 1 

The solution $(t) can be written in the form 



(3.17) 



1 1 °° 1 



i?i 



Then we consider cr(±) = T,n=o(j) n a(n) 



(3.18) 



^H*^)**"*^ 1 ^)- 



(3.19) 



Straightforward calculations show that &(j) satisfies the following linear system 



\ 9 ^ 



Af( t ) 



1 



1 



x d y a(j) 



£eff(-) , AeC-{0} 



(3.20) 



iff the function F is of the form 



F = F(S,;x+ -y,-y+ -x,-,p,q) 



(3.21) 



i.e., -F is a twistor function. 

Of course the system (3.20) is also a linear system for ME (a Lax pair for ME) 

and Eq. ( 3.19| ) expresses the fact that <&(j) is the dressing operator for this 

system. 



4 Infinite algebra of hidden symmetries. 

From the previous sections one can conclude that the general solution of LME 



(2.11) i.e., the general symmetry of ME is given by 
1 f dX 



S (FF) & 



2m J 7 A 2 



(-#(A) *F* *~ X (A) + $(A) *F* ^(A)) 



F = F(h:y + Xx,x-Xy,X,p,q) 
F 



1 11, 

F{h;x + jy,-y + -rx,-,p,q) 



(4.1) 



where a curve 7 does not contain singularities of functions which are integrated. 
One can compare ( TO ) with respective formulas given by Q.H.Park fi na. In 
(4.1) the first sign (— ) and the factor -p- are chosen for further convenience. 

Now we are looking for the algebra of hidden symmetries of ME. To this end 
consider the commutator 



i S (FiA)> \f 2 f 2 ))® 



(4.2) 



S (F lFl )(® + S (F 2 F 2 )®) - 'WO - 6 (F 2 F 2 )( Q + ^F.F^) + 5 (F 2 F 2 ) 



e 



Simple calculations with the use of (O) give 






(4.3) 



Performing variation of the system (3.2) and employing (3.7) one obtains 



S-(ViA)**** 1 ) 



1 



M^f^F,)*^. ) + ^Wo 



el 



AOWo****^) = A [^(Vf 1 )**^ 1 )-^ 5 ^(f 1 f 1 ) ] ( 4 - 4 ) 



The solution of (4.4) can be found and it reads 

Z7ri „=i - , 7 ^ A J 



1 



— 4 <2A' 

'7> 



2m. L, '" A'(A'-A) 



(_$' * F{ * W^" 1 + $' * F{ * $^ 1 )(4.5) 



where 7> is any curve closing a domain containing a circle K(0; r) : 7 C K (0; r). 
Then *' :=*(A'), F{ := Fi(ft;j/ + A'a;,£ - A'y, A',p,g) ,... etc. 

Analogously for 6, F F ^ * &* 1 one gets the system of equations 



1 



^<W(FiFi) 



<f> * $: 



A?(ViA)**^ 1 ) + 5*M^i) e 



1 

ih 
^(Wi)**** 1 ) = ^(S (FiFi) ^ .K 1 ) - ^d y S {FiFi) e (4.6) 



The solution of (4.6) reads 



zM (Fii?i) $(i)*$; 1 (i) = -J^f; JL /dA'(A / ) n - 1 (-*'*i^**:- 1 + * , *F 1 '*<- 1 ) 

n=0 ''T 

. . (47) 

Since for calculating (4.3) we need A £7 one can write down (4.7) in the form of 
zM (Fii?i) $(i)*$; 1 (i)| Ae7 = 1-. I dX' - A _ J r (-*'*F[**'- 1 + &*Fl**'- 1 ) 



'(A' -A)' 

(4.8) 
where now 7^ c K(0; r) and K(0; r) is a circle belonging to the domain closed 
by 7. Note that 7, 7^ and 7^ must be chosen so that they close the same singu- 
larities of the integrated functions. Substituting (4.5) and (4.8) and also anal- 
ogous formulas for 5 (i?2 # ?) *(A) * ^(A) and (5 (F2i ? 2) $(j) * KHj) into §J), 
performing then integrations and applying the residue theorem one gets 



[^(FiFi)' S (F 2 F 2 )] Q ~ 2S ({F 1 ,F 2 } M {F 1 J 2 } M )® 



(4.9) 



Hence, the hidden symmetries for ME form a closed algebra associated with the 
Moyal bracket Lie algebra. 

This coincides with the results of & 111 Era where the algebra of hidden sym- 
metries is given for Plebahski's heavenly equations and for SDYM equations. 

As ME can be reduced to all known heavenly equations, to su(N) SDYM 
equations, to su(N) chiral equations etc., the algebra (4.9) contains the hidden 
symmetry algebras for the reduced equations. 



5 Twistor construction. 

For completeness we describe here briefly a twistor construction for ME given 
in our previous work m. This construction is similar to the one for SDYM 
equations 0, [H| . 

What must be noted, and it has been pointed out by K.Takasaki Jig] , is that the 
twistor construction we propose is valid for the case of being analytic in fi, 
i.e., 9 = X^^Lq ^™®n; ®« = ®n{%, U,x,y,p, q). The case with negative powers 
of h should be considered separately and as we know from H it can be solved 



10 



by the Fairlie-Leznov method |19 but we still have not succeeded in a twistor 
image for this case. 

We start with a twistor function 



(5.1) 



H = H(X) = H(h; y + Xx,x- Ay, X,p, q) = expji- E~=-oo A"A(»>} 

Xe(C-{0})n(C-{oo}) 

A^ =j:™ =0 h m A ( £\x,y,x,y,p,q) 

Let \I/ = \t(A) be a function of the form 

tf(A) = exp„{£ £~ i A-AW} , Ae (C - {oo}) 
AW = A(»)(R; x, j,, i, y,p, </) = £~ =0 ^ m A^(x, y, x, y,p, g) , 

a« = e 

and let <I> = $(^) be a function of the form 

$(I)=expJ-i-E^i(x) n ^ n) }, Ae(C-{0}) 

q(») = q{») (n;x,y,x, y, p, q) = J2™=o ^^ i^y,x,y, p, q) , (5.3) 



(5.2) 



These functions are chosen so that the following factorization holds 
H(X) = K 1 (\)**W , Af(C-{0})n(C-{oo}). 



(5.4) 



(This is the Riemann-Hilbert problem or the Birkhoff factorization |lq ] ) . 

One easily finds that from the conditions: (Xdy — d x )H(X) — and (Xdx + d y )H(X) = 

it follows that 

[(Xdy ~ a a Mx)] * *;H\) = x[(dy \d x M{)} * KHi) 
l(xd s + d v )^(x)] * *-ha) = x[(d x + ia,)$(i)] * KH{) 

Xe(C-{0})n(C-{oo}) (5.5) 



The left-hand side of Eq. ( J5.5D can be analytically extended on C and in the 
gauge fl5.2|) we get 



[(Xdy - d x )V(X)] * tt" 1 ^) = -X±d x Q 
[(Xd x + d y MX)] * *^(A) = X±d y 9 , XeC 



(5.6) 



Thus we recover the linear system (3.3) of ME. Substituting (5.6) into (5.5) one 
recovers the linear system ( [3.16| ) of ME as well. 

It means that our procedure gives a twistor construction for ME 
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